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Abstract
By reexamination of the boundary conditions of wave equation on a black hole horizon it
is found not harmonic, but real-valued exponentially time-dependent solutions. This means
that quantum particles probably do not cross the Schwarzschild horizon, but are absorbed
and some are reflected by it, what potentially can solve the famous black hole information
paradox. To study this strong gravitational lensing we are introducing an effective negative
cosmological constant between the Schwarzschild and photon spheres. It is shown that the
reflected particles can obtain their additional energy in this effective AdS space and could
explain properties of some unusually strong signals, like LIGO events, gamma ray and fast
radio bursts.
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Gravitational wave (GW) signals [1], gamma ray bursts (GRBs) [2] and fast radio bursts
(FRBs) [3] are examples of extragalactic transients, whose origin and emission mechanisms are
still to some degree unknown. Usually these events are associated with massive black holes (BHs),
the most enigmatic objects in the universe. This article attempts to describe these unusually
strong signals by means of the amplification of the gravitationally strongly lensed waves by BHs.
This idea will explain repeat GWs, GRBs and FRBs detected from the same location and agrees
with the opinion that these signals could be physically connected.
Weak gravitational lensing by a massive object is well studied [4], however, wave deflection
still remains a difficult subject in the strong gravitational field [5]. Several attempts were made to
obtain adequate lens equations for so called relativistic lensing in Schwarzschild space-time [6].
The most promising focusing agents for any kind of waves are BHs, which are often located
at the centers of galaxies and are surrounded by dust clouds. So there are problems with the
observation of the BH lensings (due to spurious radiation and large extinctions of waves by accreting
materials), especially of relativistic images, which should be formed closer to the BHs [7].
In the case of electromagnetic radiation it is expected that, due to absorptions (larger for
smaller wavelength), only the short duration relativistic lensing signals in the forms of radio (largest
wavelength) and gamma (most energetic) waves could escape the dust clouds surrounding the BH.
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For GWs, dust and noise do not present an obstacle, also the collinear requirement is less severe
(since GWs occur at low frequencies) and the resulting focused region has a relatively large area
(because of diffraction). These increase the chances to observe several relativistic images of the
same GW source, since waves passing close to the BH can loop around it before reaching an
observer. Then, on the same side as the source from the optical axis, a primary image (formed by
weak lensing) and several relativistic images will be visible [7]. So, unlike the case with the single
GRBs and FRBs impulses, a distant observer will detect periodic GW signal.
In this article we reanalyze boundary conditions for wave equations at the BH horizon and
show the existence of real-valued time-dependent and non-harmonic exponential solutions [8]. This
means that quantum particles probably do not cross the Schwarzschild horizon, but are absorbed
or reflected by it. This potentially solves black hole information problem (see recent review [9]).
Moreover, reflected in certain conditions (small or zero masses and angular momentum of the
infalling on a BH particles) waves from the Schwarzschild sphere could obtain energy from the
gravitational field and create the burst-type signals that are observed.
Let’s for the simplicity consider motion of quantum particles in the field of a non-rotating,
uncharged BH with the Schwarzschild line element,
ds2 = f(r)dt2 − dr
2
f(r)
− r2(dθ2 + sin2 θdφ2) , (1)
where
f(r) = 1− 2M
r
.
{
2M ≤ r ≤ ∞
0 ≤ f ≤ 1 (2)
In our system of units, c = ~ = G = 1, the parameter 2M here corresponds to the Schwarzschild
horizon and has the dimension of length.
Without loss of generality, close to the Schwarzschild horizon one can study massless scalar
particles, since it is known that close to the horizon mass terms in the particle equations can be
neglected and also in the eikonal approximation the polarization tensors are parallel-transported
along the null geodesic and in many cases can be regarded to be constant [10].
The wave (massless Klein-Gordon) equation in a curved space-time can be written in the form:
Φ =
1√−g∂µ
(√−ggµν∂ν)Φ = 0 . (3)
The metric (1) is highly symmetric, so in the equation (3) we can separate the variables,
Φ ∼ ψ(t, r)Ylm(θ, φ) , (4)
where Ylm(θ, φ) are spherical harmonics. Then the equation (3) gives:
[
r2∂2t − f∂r
(
r2f∂r
)
+ l(l + 1)f
]
ψ(t, r) = 0 , (5)
where l is the orbital angular momentum quantum number.
Let us assume that close to the horizon, r ≈ 2M , it’s possible to separate also the remaining
variables in (5),
ψ(t, r) =
1
r
T (t)R(r) . (6)
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Then (5) leads to the system of equations:
∂2t T = CT , (7)
f 2∂2rR +
2Mf
r2
∂rR−
{
C + f
[
2M
r3
+
l(l + 1)
r2
]}
R = 0 , (8)
where C is a separation constant.
To determine physical boundary conditions the equation (8) usually is transformed using the
Regge-Wheeler ’tortoise’ coordinate,
r∗ =
∫
dr
f
= r + 2M ln
( r
2M
− 1
)
,
{
2M ≤ r ≤ ∞
−∞ ≤ r∗ ≤ ∞ (9)
which brings (8) to a Schro¨dinger-like equation:
d2R
dr∗2
− [V (r∗) + C]R = 0 , (10)
where the effective potential for the considered massless case is
V (r∗) = f
[
2M
r3
+
l(l + 1)
r2
]
. (11)
To set boundary conditions for the equation (10) close to the BH horizon (r∗ → −∞, or
f → 0 and V (r∗)→ 0) commonly it is assumed the existence of a horizon crossing, ingoing radial
waves [11, 12],
T (t)f→0 ∼ e±iωt , R(r)f→0 ∼ e±iωr∗ , (12)
corresponding to the negative separation constant in the system (7)-(8),
C = −ω2 < 0 . (13)
However, the transformation (9) is singular and the solution (12), due to appearance of the Dirac
delta function in second derivatives of the ’tortoise’ coordinate function (9), does not obey the
equation (8).
To explain this point let us consider the model equation,
r(r − 1)2∂2rR+ (r − 1)∂rR+ r3R = 0 , (14)
which has similar to (8) kinetic part, with 2M = 1. It is obvious that in (14), due to the last term,
for a regular solution one should use the boundary condition
R|r→1 → 0 . (15)
From the other hand, using the singular ’tortoise’ coordinate,
y = r + ln (r − 1) , (16)
the equation (14) can be transformed to the form:
∂2yR+R = 0 . (17)
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Without taking into account the existence of a δ-function in (17), one can obtain the harmonic
solution,
R ∼ e±iy , (18)
which is valid in the whole space of the new variable (16), −∞ ≤ y ≤ ∞, including the horizon
y → −∞ (r → 1).
To find correct boundary conditions at the BH horizon, f(r) = 0, let us use f(r) as an inde-
pendent variable in the region 2M ≤ r ≤ ∞ (0 ≤ f ≤ 1) and rewrite (8) in the form:
f 2(1− f)4R′′ + f(1− f)3(1− 3f)R′ − {4M2C + f(1− f)2 [l(l + 1) + 1− f ]}R = 0 , (19)
where primes denote derivatives with respect to f . Keeping the terms with the derivatives and
separation constant, which can be large close to the horizon, this equation takes the asymptotic
form:
f 2R′′ + fR′ − 4M2CR = 0 . (f → 0) (20)
We need to find regular solution to this equation at f = 0.
At first let us consider the case with zero separation constant and write the equation (20) in
the form known from the two dimensional potential problem:
R′′ +
1
f
R′ =
1
f
(fR′)′ = 0 . (21)
We want to emphasize that the famous logarithmic solution to this equation,
R ∼ ln
∣∣∣∣ 1f
∣∣∣∣ , (22)
corresponds to a point-like source, δ(f), and does not represent the solution to (21) without delta
function at the right side, i.e. the regular solution at f = 0 is not given by (22) but has the form:
R(r)C=f=0 = const . (23)
Another example of misunderstandings with singular coordinate transformations is the ap-
pearance of the fictitious delta function at the origin in the definition of the Laplace equation in
spherical coordinates [13, 14]. It is known that regular solutions to the Laplace equation in the
Cartesian coordinates, (
∂2x + ∂
2
y + ∂
2
z
)
ϕ = 0 , (24)
are given by exponential functions of the form
ϕ ∼ e±[i(ax+by)+
√
a2+b2z] , (25)
were a and b are integration constants [15]. This solution is regular everywhere and at the origin
is constant. After rewriting the Laplace equation (24) in spherical coordinates, which is analogous
to the singular transformation (9), one can obtain fictitious singular solutions in the form of the
Newtonian potential,
ϕ ∼ 1
r
. (26)
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However, this solution requires the existence of a delta-function at the origin and does not corre-
sponds to the regular boundary conditions there.
Using these observations we see that the equation (20) has a regular at f = 0 solution only for
the positive separation constant C,
R(r)|f→0 ∼ f 2M
√
C . (C > 0) (27)
The solution to (20) with the negative C,
R(r)|f→0 ∼ ei2M
√−C ln |f | , (C < 0) (28)
which is used as a boundary solution in (12), does not obey (8), since it leads to the extra delta-like
source term at the BH horizon.
Note that from the boundary solution (27), which we want to use below, follows that
R(r)f→0 → 0 , (29)
i.e. the probability for particles to cross the horizon tends to zero and when the used approxima-
tions are valid the infalling particles are absorbed by a BH or can be reflected from its horizon.
In this case the information about quantum particles does not disappear for a distance observer,
which can solve the BH information paradox. However, for the cases of massive particles (with
the extra term in the effective potential (11)), or the large angular momentum case, when the
approximation
f l(l + 1)≪ 4M2C (f → 0) (30)
is not applicable, in principle the last term in (20) can change the sign and probably one can obtain
the harmonic solution (28), corresponding to the matter crossing the BH horizon. This issue needs
further investigations.
Now let us look for the solution to (19) for the regular boundary condition (27), using the
method of Frobenius:
R(f) =
∞∑
i
aif
i , (i = 1, ...,∞) (31)
where ai are some constants. The equation (19) reduces to the algebraic system for the coefficients
of f i, which will be satisfied when the coefficients of each f i becomes zero. The first equation of
this system (i = 1),
f(1− f)3(1− 3f)a1 −
{
4M2C + f(1− f)2[l(l + 1) + 1− f ]} a1f ≈ (1− 4M2C) a1f = 0 , (32)
shows that the separation constant in the system (7)-(8) indeed is positive [16],
C ≈ 1
4M2
> 0 . (33)
In this case from (7) we find the real-valued exponential solution,
T (t) = T0e
±t/2M , (34)
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i.e. in the Schwarzschild coordinates of a distant observer the wave function (6) contains the real
exponential factor:
ψ(t, r) ∼ e
±t/2M
r
∞∑
i
ai
(
1− 2M
r
)i
. (35)
The constants ai satisfy the relations [16],
ai+1
ai
∣∣
i→∞ → 2 , (36)
what means that the condition of convergence of the radial wave function (31),
ai+1f
i+1
aif i
∣∣
i→∞ < 1 , (37)
is valid for the region
0 < f <
1
2
. (2M < r < 4M) (38)
Thus the solution (35) can be used in the interesting for us layer between the Schwarzschild and
photons spheres,
2M < r < 3M . (39)
The real-valued function (35) is very different from the familiar internal [17] and external [18]
periodic-in-time solutions (∼ eiωt) for scalar particles in the space (1). Another difference is that in
our case the condition r → 2M influences only the spatial component of the wave function (6) and
never the time component. In semi-classical quantum mechanics a wave function with the complex
phase, like (35), usually is the signature of a tunneling processes through a potential barrier, i.e.
the penetration of particles through the BH horizon cannot occur classically.
The similar to (35) real-valued solutions to the Klein-Gordon equation in Schwarzschild’s coor-
dinates was obtained in [19], were it was nevertheless assumed that classical geodesics are extend-
able across the horizon, while the complex phase was connected with the creation of particles by
the gravitational field of BHs. But to regularize the propagator of scalar field the singular point at
the horizon, which shows that classical particles are stopped from entering the BH, was removed
by the introduction of the infinitesimal integration contours around the pole in the integral for the
’tortoise’ coordinate (9).
Now we want to show that the exponential enhancement (34) of amplitudes of waves passed the
edge of a BH can be used to explain appearance of energetic GWs, GRBs and FRBs for a distant
observer. To study the BH strong lensing it is necessary to investigate isotropic geodesics in the
region (39). In general, trajectories of classical particles can be considered as the geometrical-
optical limiting case (eikonal approximation) of a wave movement [20]. It is known that the
Klein-Gordon wave functions associated with the classical motion formally obey the relativistic
Hamilton-Jacobi equation written for the same system [21]. Indeed, the scalar wave function (4)
can be expressed in terms of an amplitude and phase,
Φ = AeiS , (40)
where S(xν) is the Hamilton principal function, which usually is used in the definition of momen-
tum,
pν ∼ ∂νS . (41)
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Then the Klein-Gordon equation (3) gives the system of equations:
AS + 2∂νS∂
νA = 0 ,
A− A∂νS∂νS = 0 . (42)
In the weak gravitational field, in the short wavelength limit, and if one neglects variations of the
amplitude:
f → 1 , S → 0 , ∂νA→ 0 . (43)
In this approximation from (42) follows that the eikonal phase (Hamilton’s principal function) can
be written as:
S ∼ pνxν , (44)
and that pν obeys the massless relativistic Hamilton-Jacobi (geodesic) equation,
gµνp
µpν = 0 . (45)
Far from a BH a free particle equation has the usual flat wave solution,
Φ∞ = Ae
±ipνxν , (46)
but close to its horizon variations of A in (40) cannot be neglected, since the time dependent factor
of the wave function obtains the form (34). The time-dependence of amplitudes of the scattered
waves in the Schwarzschild field means the apparent non-conservation of energy from the point
of view of a distant observer, which is the result of neglecting back-reaction of particles on the
Schwarzschild metric in our analysis of the scattering problem. One can still use the flat wave
function (46), but with the time dependent energy in (44), p0 = p0(t). Indeed, inserting
Ar→2M ∼ e±t/2M (47)
into the system (42) we find
∂tp0 ± 1
M
p0 = 0 ,
gµνp
µpν − 1
4M2
= 0 . (48)
This means that the energy of incident flat waves is changed with time as,
p0(t) ∼ e±t/M , (49)
and also that close to the horizon photons acquire the effective mass, ∼ 1/2M . The time interval
that photons need to make a loop of the radius r ∼ 2M around the BH is of the order of
∫ 2pi
0
rdθ ∼ 4πM . (50)
Thus the energy of outgoing photons, due to the exponential amplification factor from (47), can
reach the huge value,
pref0 ∼ e4pip0 ≈ 3 · 105p0 , (51)
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and a distant observer can receive burst-like outgoing waves of the form (46), where now p0 is
replaced by pref0 .
To write appropriate geodesic equation which describes strong lensings we want to remind also
the models of classical interpretation of the Schro¨dinger wave function, where variations of the wave
function amplitude are taking into account by introduction of so called quantum potential [22,23].
For example, in the thermodynamic approach [23], the variation of the distribution density (wave
amplitude) of a moving particle is modeled by a resistance of the ensemble in the form of the
heat flow. For the BH case, appearance of the heat flow close to the Schwarzschild horizon is
analogous to the ’firewall’ conjecture, the existence of energetic curtain at the event horizon [24],
as if BHs in the range (39) have effective quantum ’atmospheres’ [25]. It is worth to mention also
the models were an observer at infinity may detect the emitted particles which extract energy from
the rotating BH due to the spontaneous polarization process inside its ergosphere [26].
Using these analogies, in the quasi-classical approximation, one can still describe trajectories
of particles close to a BH horizon by ordinary geodesic equations, but with extra potential, which
takes into account variations of the amplitude (34). Relativistic invariant vacuum energy in the
General Relativity is known under the name of cosmological constant, Λ. Solution of the spherically
symmetric Einstein equations with the cosmological term is well known, provided that the factor
f(r) is replaced in (1) by the function:
F (r) = 1− 2M
r
− Λ
3
r2 . (52)
In our case the constant Λ should be fixed in the way which enables us to use Klein-Gordon equation
(5) close to the BH horizon and at the same time cancels apparent energy non-conservation for a
distant observer.
Inserting the function (52) into the system (7)-(8), instead of f(r), and expanding the solution
of the modified equation (19) as the series of F (r), the equation (32) takes the form:
F (1− F )3(1− 3F )a1 − {4M2C + F (1− F )2[l(l + 1) + 1− F ]}a1F = (53)
= [(1− F )3(1− 4F )− 4M2C − F (1− F )2l(l + 1)]a1F = 0 .
For F → 0 this equation, as for ordinary Schwarzschild case, gives (33). The second real valued
solutions of (53) for small multipoles, l ≤ 3, is
F ≈ 2 . (54)
We require validity of (53) at the horizons of F (r) and f(r) simultaneously, i.e. at F → 0 and at
F → −4M2Λ/3. Then (54) leads to
Λ
3
≈ − 1
2M2
. (55)
So the effective cosmological constant Λ in our model is negative and
F (r) = 1− 2M
r
+
r2
2M2
, (56)
what corresponds to the effective AdS space for classical particles moving inside the shell (39)
where we want to study geodesics.
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It is known that the classical geodesic equations can be obtained using the Lagrangian [10,27],
L (xν) =
1
2
gαβu
αuβ , (57)
where
uα =
dxα
ds
(58)
denotes the 4-velocity and ds is the proper time. From (56) and (57) we find the expressions for
two conserved components of 4-momentum in the space-time (1):
∂L(xν)
∂ut
= utF (r) = E ,
(
θ =
π
2
)
∂L(xν)
∂uφ
= uφr
2 = J , (59)
where E and J denote the waves energy and angular momentum and
ut =
dt
ds
, uφ =
dφ
ds
(60)
are the 4-velocity components. Using (59) the Lagrangian (57) can be write in the following form:
2L = Fu2t −
u2r
F
− r2u2φ = ǫ , (uθ = 0) (61)
where we can consider that ǫ = 1 for massive particles and ǫ = 0 for isotropic geodesics [10, 27].
The expression (61) represents the first integral of the last independent geodesic equation,
u2r = E
2 − F (r)
(
ǫ+
J2
r2
)
= E2 − U2 , (62)
with
ur =
dr
ds
. (63)
The effective potential in (62),
U2 =
(
1− 2M
r
+
r2
2M2
)(
ǫ+
J2
r2
)
= U2Sch + ǫ
r2
2M2
+
J2
2M2
, (64)
differs from the ordinary Schwarzschild’s one,
U2Sch =
(
1− 2M
r
)(
ǫ+
J2
r2
)
, (65)
by the nonnegative terms, ǫr2/2M2 and J2/2M2, thus its zero is shifted inside the Schwarzschild
sphere [27],
r =
2√−Λ sinh
[
1
3
arsinh
(
3M
√−Λ
)]
≈ 1.1M . (66)
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Figure 1: The effective potential for non-radial waves.
FIG 1. displays the effective potential in our model (bold blue line) for J = 10 and M = 1.
Outside the photon sphere (where Λ = 0 and ǫ = 0) the effective potential is given by U2Sch. It
is clear that a non-radial isotropic geodesics (dashed line) with the energy above or equal to the
critical value,
E2c =
J2
27M2
, (67)
could cross the photons sphere [10, 27]. According to our model, inside the shell between the
Schwarzschild and photon spheres (39) waves occur in the effective AdS space, where photons
acquire effective mass and ǫ = 1. In this region the effective potential (64) forms the second
higher barrier and the actual impact factor changes the sign. So waves could stay in the minimum
between two pics of U2(r) looping on some bound orbit, or reflect back (FIG. 1). The situation
reminds one of the Meissner effect when photons obtain effective masses and are ejected from the
superconducting region.
Inside the photon sphere the energy of photons will change according to (49), where t is the
time interval photons spending there. Then reflected photons with the increased energy could form
burst-like short signals from the BH edge, mainly in gamma and radio frequencies which could
escape surrounding the BH dust clouds. In the case of GWs dust is not a problem and there is
chance to observe also relativistic lensing. So additionally we need to explore the obtained from
(59) and (62) radial equation:
(
dr
dt
)2
= F 2(r)
[
27M2
F (r)
r2
− 1
]
. (68)
Inside the shell (39) we can use the approximation
F (r) ≈ r
2
2M2
. (69)
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For the inspiraling towards the center GWs (dr/dt < 0) the equation (68) gives:
r ≈ 15M
2
27t+ 5M
≈ 3M − 16t , (70)
where the integration constant is fixed from the condition
r(t = 0) = 3M . (71)
From (56) and (59) for the instant frequency we find:
ω =
dφ
dt
=
3
√
3M
r2
F (r) =
14
5M
+
9
5M2
t . (72)
When the effective impact parameter changes sign, looping GWs will start deflecting and a distant
observer will receive the periodic chirp like signals with the exponential amplitudes (34) and
increasing frequency (72). Then the expression for the timing of the resulted strain,
h ∼ Aet/2M sinωt+Be−t/2M cosωt , (73)
where A and B are some constants, can be described by a linear superposition of several quasi-
normal modes of perturbed BH horizon by GWs [28] and will imitate the LIGO signals [1].
To conclude, in this paper we have reanalyzed boundary conditions for the equations of mat-
ter particles at a BH horizon and found the real-valued exponentially time-dependent solutions.
While quantum wave functions and isotropic geodesics are continuous below the photons sphere,
r < 3M , for a distant observer receiving signals only from the region, r > 2M , these exponential
enhancement (decay) of amplitudes will be visible as if the gravitationally lensed waves receiving
(giving) the energy from (to) the BH horizon. To model isotropic geodesics in the strong gravita-
tional field between the Schwarzschild and photon spheres we have introduced the effective negative
cosmological constant with the value that guaranties validity of the eikonal approximation in this
region. Then we found that part of the incident waves crossing the effective AdS space below the
photon sphere can be amplified and reflected and this mechanism can explain some GWs, GRBs
and FRBs.
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